Abstract. It is shown that if E is a countable, transitive directed graph with finitely many vertices, then C * (E) is semiprojective.
should be of independent interest. The proof of Proposition 2 depends heavily on the results of [12] .
1.
We recall the definition of the C * -algebra corresponding to a directed graph [9] . Let E = (E 0 , E 1 , r, s) be a directed graph with (at most) countably many vertices E 0 and edges E 1 , and range and source functions r, s : E 1 → E 0 , respectively. C * (E) is by definition the universal C * -algebra generated by families of mutually orthogonal projections {p v | v ∈ E 0 } and partial isometries {s e | e ∈ E 1 } with mutually orthogonal ranges, subject to the following three relations: A directed graph E is row-finite if every vertex emits at most finitely many edges. For row-finite graphs the K-theory of C * (E) can be calculated as follows [12, Theorem 3.2]. Let V E be the collection of all those vertices which emit at least one edge, and let ZV E and ZE 0 be free abelian groups on free generators V E and E 0 , respectively. We have
where ∆ E : ZV E → ZE 0 is the map defined on generators as
However, this result is not sufficient for our purposes, since we need a description of the K-groups of the C * -algebras corresponding to arbitrary countable graphs with finitely many vertices. This is done in the following proposition.
Proposition 2. If E is a countable directed graph with finitely many vertices, then the K-groups of C
* (E) are still described by formulae (1) and (2) above, provided V E is defined as the collection of all those vertices which emit at least one but only finitely many edges. 
We claim that B n is naturally isomorphic to C * (E n ), with the graph E n defined as follows. The vertex set E
There exists a C * -algebra homomorphism
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since the target elements satisfy relations (G1)-(G3) for the graph E n . Clearly, the generators of B n belong to the range of φ n and hence φ n is surjective. Since φ n (P a ) = 0 for all a ∈ E 0 n , φ n is injective by the gauge-invariant uniqueness theorem [1, Theorem 2.1], and the claim follows.
[12, Theorem 3.2] implies that for any n we have a commuting diagram with exact rows
In fact, we are going to show that (i) ker(∆ En ) = ker(∆ E ) and
(ii) coker(∆ En ) is naturally isomorphic to coker(∆ E ) for all n, and this will prove our proposition. Proof of (i). Viewed as maps from ZV E ⊕ ZW ∞ to ZV E ⊕ ZW 0 ⊕ ZW ∞ ⊕ ZW ∞ and from ZV E to ZV E ⊕ ZW 0 ⊕ ZW ∞ , respectively, ∆ En and ∆ E have the following matrices:
where
, are some integer entry blocks depending on E and n.
as required. 
Proof. We fix a vertex w ∈ E 0 . Since p w C * (E)p w is a full corner of C * (E) it is purely infinite and simple, just as C * (E), and
is finitely generated by virtue of Proposition 2. Thus, there exists a finite subset Ω ⊆ E 1 for which p w C * ({s e | e ∈ Ω})p w contains representatives of all homotopy classes of unitaries in p w C * (E)p w [5] . Adding a finite number of edges to Ω, if necessary, we may further assume that for any two vertices w 1 , w 2 ∈ E 0 there is a path in Ω from w 1 to w 2 . Now let v ∈ E 0 and t be as in the hypothesis of the lemma. Then there exist in Ω paths α and β from w to v and from r(s d ) to w, respectively. Letũ be a unitary in p w C * ({s e | e ∈ Ω})p w in the same homotopy class as s α ts * Blackadar showed in [2, Corollary 2.24] that Cuntz-Krieger algebras (corresponding to finite 0-1 matrices) are semiprojective. Such algebras may be realized as graph algebras corresponding to finite graphs. However, the algebras of graphs with sinks cannot, strictly speaking, be described as Cuntz-Krieger algebras. Indeed, in order to allow for graphs with sinks one would have to consider matrices with zero rows, and this was not done in the original work of Cuntz and Krieger [6] . Therefore, for the sake of completeness, we have stated Lemma 4, above.
Theorem 5. If E is a countable, transitive directed graph with finitely many vertices, then
Proof. By virtue of Lemma 4 it suffices to consider the case of a directed graph E with finitely many vertices, say E 0 = {v 1 , . . . , v N }, and infinitely many edges E 1 . As in the proof of Proposition 2 if a vertex v emits infinitely many edges, then we denote them by {e j (v) | j = 1, 2, . . . }.
Let B be a unital C * -algebra and let J k , k = 1, 2, . . . , be an increasing sequence of closed, two-sided ideals of B such that B/ ∞ k=1 J k is isomorphic to (and identified with) C * (E). We must show that for some n there exists a unital C * -algebra homomorphism λ : C * (E) → B/J n such that π n •λ = id, where π n : B/J n → C * (E) denotes the natural quotient map. To this end we first find, with the help of Lemma 3, a finite subset Ω of E 1 so large that the following hold: 
. , r.
We denote A 0 = C * ({s e | e ∈ Ω}) and
. , N. According to [12, Lemma 1.2]
A 0 is canonically isomorphic to the C * -algebra C * (E Ω ), corresponding to a suitable finite graph E Ω . The graph E Ω is described in [12, Definition 1.1], but here we do not need to know it. Thus, Lemma 4 implies that there exists an n and a unital C * -algebra homomorphism
We are going to show that this n is big enough to construct the required partial lifting λ : C * (E) → B/J n . To this end we construct a sequence of unital C * -algebra homomorphisms 
We will find, below, two elements b k andb k+1 of B/J n so that the assignment
extends to the desired homomorphism λ m k+1 . We use the tilde inb k+1 since in the next inductive step we might have b k+1 =b k+1 .
). Then q and Q are projections such that π n (Q) = q. Let α be a path in Ω with source r(e 1 (v)) and range r(e k+1 (v)), and let β be a path in Ω with source r(e k (v)) and range v. Such paths can be found by transitivity of E and conditions (ii) and (iii) from the definition of Ω. Set 
. By virtue of condition (i) and Lemma 3 there exists a unitary u in C * ({s e | e ∈ Ω} ∪ {s e k (v) }) such that We claim that the assignment (4) gives rise to the desired homomorphism λ m k+1 . To this end we first show that the algebra C * (A m−1 ∪{s ei(v) | i = M +1, . . . , k+1}), which is obviously also generated by {s e | e ∈ Ω }, is isomorphic to the graph algebra C * (E Ω ) corresponding to a suitable graph E Ω . Indeed, let W be the set of all those vertices w ∈ E 0 for which there exists an edge e ∈ E 1 \ Ω with s(e) = w. We define E Ω to be the graph with the vertex set E 
